SUBHARMONIC RESONANCE IN A SYSTEM WITH A
RANDOMLY VARYING NATURAL FREQUENCY
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We shall investigate the effect of steady-state random variations in natural frequency on
the amplitude of subharmonic oscillations of a system. The example considered is that of
a system describable by the Duffing equation with a periodic right-hand side. It will be
shown that, as in the case of oscillations near fundamental resonance [11, the indicated
effect is reducible *‘on the average’ to variations of the *‘equivalent’’ values of the natur-
ral frequencyend damping coefficient. In our case this results in a change in the domain of
existence of subharmonic oscillations.
Let us investigate steady subharmonic oscillations of order 1/3 in a system described
by the differential Eq.
d2 d
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Here s, a, (), ®g, pt and 7 are constants and £(t) is a steady-state centered random
function. We introduce the new variable
Y == & — by cOS @, ¢, by =a(Qf — o2 2
The process y{t) corresponds (by definition) to subharmonic oscillations. Let us consi-
der the quantities a, u, 7, and | wg — 3Q)| small and introduce the notation

« == &y, p= Ve—lh, M = &Ny, QF — (/3 @)% = QA (3)

Let us substitute Expressions (2) and (3) inte initial Expression (1), Let us then con-
vert to the new variables z, z defined by the relations
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in order to obtain the following system of equations in standard form:
dz jdt = VeZi(s, 2, ) + eZ2 (2, 2, £), dz Jdt = Ve Z1(2, 2, t) + €Za(z, 2, 8) (4

Here
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{The bars dencte complex conjugates).

System (4} can be investigated by means of the averaging method which involves subjec-
ting the equations in standard form to the Krylov-Bogoliubov technique [2] and then avera-
ging over a set of realizations. We note that the convergence of the averaging method for
€ » 0 is proved rigorously for problems of the above type in [3], although the method had
been used previously [4] (the domain of convergence of the method was estimated in [4] on
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the basis of qualitative considerations). In [1] this estimate was improved somewhat by
comparing the results for a linear system with results obtained by applying the method of
successive substitutions to the corresponding integral equation.
On applying the above method to system (4), we obtain equations for the slowly varying
components zg, 74 of the average values of the random functions 2, 7,
dZo / dt = BZO (Zo, 20), d-z-o / dt = ezo (20’ 29) (6)
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Here K (7) is the comelation function of the random process £(t).

Setting the right-hand sides of Egs. (6) equal to zero and returning to the initial nota~
tion, we find that the average amplitude b of the steady subharmonic oscillations is deter-
mined by the roots of the biquadratic Eq.,

(/M B¢ 4 B33 m Qa2 — (Y5 00)® + bl — Clemp)? + Vo [R2 — (V3000 +
+ 3y Mbl] + (3002 = 0
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Eq. (8) is similar in form to the familiar [5] analogous equation for a system with cons-
tant (it = 0) parameters. The effect of random variations in natural frequency thus reduces
to changes in the equivalent parameters a and {) in accordance with Formulas (9). By deter-
mining the discriminant of Eq. (8), we can find the consequent change in the boundary of
the existence domain of the subharmonic oscillations.

For example, let

K (t) = exp (— | T}/ 7o), ¥ (35 0g) = gt [ - (f3007)?] *

7@ (0) — O (*/500)] = 5 00> [1 + (M3 0T0)* 1 = 230070 0 ¥ (¥/5 wp)

The dominant role in the case 2/3 @75, >> 1 is then played by the increase in the equi-
valent damping coefficient. It is easy to show, in particular, that slow {(as compared with
the doubled period of small free oscillations) random variations in natural frequency must
reduce the domain of existence of the subharmonic oscillations.

(8)
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